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The structure factors for crystals are defined by 
N 

l~h1,t = ~.j ft(OhTa) exp  [ - 27ri(hxj + ky~ + lz~)], (1) 
i=1 

where N is the  number  of atoms in the uni t  cell, Oa~:t is the 
angle of scattering for Fa~z, ft(Oakz) is the scattering factor 
for the 3"th a tom and x¢, y¢, zj are its co-ordinates in the 
unit cell. The vector Fh~ t may be written 

F~z=R~zexp[ iChkz ] (R~z~>0,--Tr<¢~t~<Tr), (2) 

where Rh~t is the magni tude  and ¢n~t is the phase of Fhkt. 
The crystal structure problem is the  problem of solving 
the system of equations (1) for the atomic co-ordinates 
xj, y¢, z¢ when, in addit ion to ft(0hkz), only the magnitudes 
Rhkz of the structure factors are known. The problem is 
completely determinate  (assuming the f t  are obtained from 
tables) if 3(N - 1) independent  magnitudes Rhk~ are known. 

The geometric interpretat ion of (1) leads to a means for 
evaluat ing the atomic co-ordinates.* Equat ions (1) may  
be wri t ten 

N 
f t  exp  [ -  27ri(hx¢ + ky~ + lz¢)] - R~,~t exp  [i¢~t] = 0. (3) 

i=1 
Equat ion  (3) states tha t  a sum of N +  1 coplanar vectors 
of known magnitudes is equal to zero, i.e. the  vectors form 
a closed polygon. In  this interpretat ion 

f ~ exp  [ - 2ni( hx ¢ + ky  ¢ +/z¢)] 

is regarded as a vector whose magni tude is f t  and whose 
angle is - 27r(hx¢ + ky¢ + lz¢). 

As an illustration of the solution by means of a geometric- 
mechanical construction we consider the three-atom 
problem in one dimension. The number  of independent  
structure-factor magnitudes required to determine the 
one-dimensional problem is N- I. In the three-atom pro- 
blem we use, for example, R~ and R~. The defining 
equations are 

R~ e~¢ , =/~(0D e -~"~' +I2(OD e - ~ ~  +/~(OD e - ~ % ~  
R~e ~¢'=A(0~) e -~"~' + f d O ~ ) e -4"~' + f ~( O ~ ) e_4,~,. ~ (4) 

Given the  magnitudes R~, R~ and the structure factors 
fx, f~, fs at  the  two different scattering angles, there is a 
unique construction of the two vector sums with the  
restriction tha t  the phases of the components in the second 
sum be twice those of the first sum. This is shown in Fig. 1 
which illustrates the  vector sums (4). The magnitudes of 
the  vectors are given on the rods which are joined together  
by  free moving links. These permit  some degree of relative 
rotat ion in the  plane. I f  the  criterion is imposed tha t  
ce~=2cq,/?~=2/?~, as required by equations (4), there is a 
unique configuration for the two vector sums. We now may  
read from this configuration the co-ordinates of the atoms 
along the  line as follows: 

x x = 0 (arbitrarily set), x~ = - cq/2~r, x~ = - (cq +/?~)/27r. 

This represents the solution to the problem of three atoms 
in one dimension. I t  should be noted tha t  the phases of 

* A slmilar interpretation of (1) was presented by Prof. 
J. M. Robertson at the Computer and Phase Conference, 
Pennsylvania State College, 7 April 1950. 
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R 1 and R~ may  be immediate ly  read if desired from the 
geometric construction. The point  to be emphasized is tha t  
the  solution is obtained by construction from measured 
magnitudes only and tabulated values of the  atomic scat- 
taring factors. The coupling restrictions on the  angles 
ct and l? set by (4) determine the unique configuration. 
The values of ct and/?  are not  known previous to the  con- 
struction. 

This geometric procedure generalizes in a straight- 
forward fashion. In  order to determine the three-dimen- 
sional co-ordinates x~, y~, z~, 3 ( N - 1 )  independent  experi- 
menta l  magnitudes,  Rhkt, are required. There are N vectors 
corresponding to the  N atoms in each of the  3 ( N - 1 )  
vector sums whose magnitudes are the  a tom scattering 
factors for the particular scattering angle. The coupling 
restrictions on the angles in the geometrical linkages 
determine the co-ordinates of the atoms in the  uni t  cell. 
The angles ~,/? . . . .  are, in three dimensions, linear functions 
of the three atomic co-ordinates. 
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Fig. 1. Illustration of the vector sums of equations (4). 

The practical aspects of the  geometrical interpretat ion 
are apparent.  The co-ordinates of the unit  cell are obtained 
immediately by performing a simultaneous set of 3(N-- 1) 
vector summations subject to the coupling restrictions on 
the linkage angles (~1,/71 . . . .  ) given by equation (1). Since 
al ternating currents combine in the  same manner  as 
vectors, an electrical model  may  be found for this con- 
struction. 

The following per t inent  remarks may  be made:  
(a) The geometric construction permits the  immedia te  

determinat ion of the co-ordinates of the  uni t  cell from 
measured magnitudes of the  crystal structure factors and 
tabulated atomic scattering factors. 

(b) Since more magnitudes are measured than  are 
required for a solution, these afford a basis for adjust ing 
the internal consistency of the data. 

(c) The phases of the crystal structure factors are 
obtained immediate ly  from the geometric construction. 
From this point  of view, however, these phases are not  
required. 

(d) No symmet ry  relations are required in these con- 
siderations. The formulation is valid for a triclinic crystal. 

(e) I f  only relative intensities are measured an addi- 
t ional magni tude  is required to determine the  solution. 

(f) The concept of vector summations with coupling 
restrictions on the  angles joining the vectors lends itself 
to automatic  computing techniques for obtaining the  
atomic co-ordinates. 


